4

o o S m g e T
Hmes Grps

;&2

VA i A AV LA

- T

CR0c 7%
/6

Chebyshev Polynomials are Not Always Optimal

Bernd Fischer
Roland Freund

April, 1989

Research Institute for Advanced Computer Science
NASA Ames Research Center

RIACS Technical Report 89.17

NASA Cooperative Agreement Number NCC 2-387

(NASA-CR-151465) CHERYSH"V POLYNOMIALS ARE N?0-24003
NNT ALWAYS OPTIMAL (Research Inst, for
Advanced Computer Science) 15 p C5CL 12A

Unclas

G3/o4 0280674

RINCS

Research Institute for Advanced Computer Science







Chebyshev Polynomials are Not Always Optimal

Bernd Fischer
Roland Freund

April, 1989

Research Institute for Advanced Computer Science
NASA Ames Research Center

RIACS Technical Report 89.17

NASA Cooperative Agreement Number NCC 2-387






Chebyshev Polynomials are Not Always Optimal

Bernd Fischer Roland Freund
Institut fir Institut fiir Angewandte
Angewandte Mathematik Mathematik und Statistik
Universitat Hamburg Universitat Witrzburg
D - 2000 Hamburg 13, F.R.G. D - 8700 Wiirzburg, F.R.G.
and and
Department of Computer Science RIACS, Mail Stop 230-5
Stanford University NASA Ames Research Center
Stanford, CA 94305 Moffett Field, CA 94035

Abstract

We are concerned with the problem of finding among all polynomials of degree at most
n and normalized to be 1 at ¢ the one with minimal uniform norm on £. Here, & i1s
a given ellipse with both foci on the real axis and ¢ is a given real point not contained
in £. Problems of this type arise in certain iterative matrix computations, and, in this
context, it is generally believed and widely referenced that suitably normalized Chebyshev
polynomials are optimal for such constrained approximation problems. In this note, we
show that this is not true in general. Moreover, we derive sufficient conditions which
guarantee that Chebyshev polynomials are optimal. Also, some numerical examples are

presented.
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Research Association (USRA).



1. Introduction and Statement of the Main Results

Let II,, be the set of all complex polynomials of degree at most n. For r > 1, we denote by
1
£={z€C | =1+l +1[<r+1)
the ellipse with foci at £1 and semi-axes
1
2 2"

In this note, we study the constrained Chebyshev approximation problem

1 1 1
a, := —(r+-;) , byi=

PEHn:pI(lc)zl €E, lp(z)| ) ( )

where n € IN, r > 1, and ¢ € R\ £,. Standard results from approximation theory (see e.g.
[9]) show that there always exists a unique optimal polynomial, denoted by p,(z;r,c) in
the sequel, for (1) and, moreover, that p, is a real polynomial. In 1963, Clayton [3] proved
that p,(z;r, c)‘ is just the polynomial

where . . . .

Tn(z)zg(v"+v—n) , z=§(v+;) . (3)
denotes the nth Chebyshev polynomial. The approximation problem (1) arises in certain
iterative matrix computations (see e.g. [2,5]). In this context, Clayton’s result is widely
referenced in the literature (e.g. [2,5,8,12,13]) and is even used to derive new results
on constrained approximation problems [1]. Surprisingly, nobody seems to have checked
Clayton’s proof.

In this note, we show that the normalized Chebyshev polynomials (2) are not always
optimal for (1), and hence Clayton’s result is not true in general. More precisely, we have

the following

Theorem 1.
a) Let r > 1 and c > a, or ¢ < —a,. Then, for n = 1,2,3,4, t,(z;c) is the unique
optimal polynomial for (1). '
b) For any integer n > 5 there exists a real number r* = r*(n) > 1 such that t,(z;c) is

not optimal for (1) for all r > r* and all ¢ € IR with a, < |c| < a, + 1/ad?.

However, t, = p, in most cases, and t,, ceases to be optimal only for normalization points
"¢ which are very close to the ellipse. We will show that the following conditions on c are

- sufficient to guarantee the optimality of 1.



Theorem 2. Let n > 5 be an integer, r > 1, and ¢ € IR. Tlhen, ta(z;c) is the unique
optimal polynomial for (1), if
() lel 2 5 (V2 +777)

or

1
(b) |c| > (2a2 — 1+ /2at — a2 +1) .

2a,

Remark 1. In general, the conditidns (a) and (b) do not imply cach other. In particular,
(a) (resp. (b)) is less stringent for small r (resp. large r). Also, note that (b) is satisfied
if || > (1+ V2/2)a,.

The paper is organized as follows. In Section 2, we state a necessary and sufficient
criterion for ¢, to be optimal for (1). Also some auxiliary results are collected which will
be used in Section 3 and 4 to prove Theorem 1 and 2, respectively. Finally, in Section 5,

we present some numerical examples.
2. Preliminaries

In the sequel, let always be r > 1 and n € IN. Since pn(z;7, —¢) = pu(—2;7,¢) it s sufficient
to consider positive ¢ only; so for the rest of the paper, we assume that ¢ > a,.

First, we determine the cxtremal points z; of £, defined by
Itn(ZI;é)l = max [tn(z;¢)] , =€&
With (3), one casily verifies that there are 2n such points given by
zii=aycospy +ibysing; , pri=ln/n , I=1,...,2n
Moreover, note that t,(zi;¢) = (—=1)'Tu(a,)/Ta(c). Using Rivlin and Shapiro’s character-
ization [10] of the optimal solution of general linear Chebyshev approximation problems,

we deduce that t,, = p, iff there exist nonnegative real numbers oy, l=1,...,2n (not all

zero) such that
2n .
Y o(-1)'g(z) = 0 forall g€, with g(c)=0 . (4)
=1

By solving this linear system cxplicitly, one arrives at the following

3



Lemma 1. The polynomial (2) t,, is optimal for (1) iff o, > 0 forl =1,...,2n, where

-1

= (1 (5 O+ 0 + Z

=1

cos(k(,o;) ) . (5)

Proof. The result is a special case of Theorem 3 in [4] where we investigated the ap-
proximation problem (1) in the more general setting of complex ¢. On the other hand,
by using the polynomials ¢(z) = Ty(z) — Ti(c), k = 1,...,n, as a basis in (4), it is also
straightforward to verify directly that the o; given by (5) satisfy (4) and that these are up
to a constant factor the only solutions of (4). =
Remark 2. Clearly o5, > 0 and, moreover, 0; = g9,_;. Hence, ¢, 1s optimal iff o, > 0
forl=1,...,n

The following result due to Rogosinski and Szegd [11] will be used in the next section

to establish a sufficient condition for the positivity of the a;.

Lemma 2. Let Ag, A1,..., A, be real numbers which satisfy A, > 0, A,,_1 —2A,, 2 0, and
A1 =20+ X312 0fork=1,2,...,n—1. Then:

s(p) = % + Zx\k cos(k¢) > 0 forall p€IR . (6)
k=1
We close this section with the following technical lemma. The proof is straightforward

and omitted here.

Lemma 3.
a) Let k € IN. Then:

k

Zcosz(j—lﬂ)?r _ {0 k=1
k  Lk/2 i E>2

i=1

b) Let 2 <1 < n be an even integer and p; = Ir/n. Then:

icos(knp,) = 0 (7)
k=0
and i
Y kcos(kp)) = -n/2 . (8)
k=1




3. Proof of Theorem 1

"Let r > 1 be fixed and set a := a,. Then, for each I, (5) defines a polynomial o;(c) = o,

in ¢ of degree n. Therefore,

n (J)

oi(c) = oi{a) + (¢ — a)(a, )+ Z U' (a) a)j*‘) . (9) '

First, we prove part b) of Theorem 1. Let n > 5 and 2 <1 < n be an even integer. With

(5) and (7), it follows that

n—1
1
oi(a) = (1) (5 1+ (=1 + Y cos( W,)) . (10)
k=1
Furthermore, we derive from (5)
1 , a n—1
) = = I s(k . 11
@) = 5 7+ Z T coniepr) (1)

Let f;k) = cos((2j — 1)x/(2k)), j = 1,...,k, denote the zeros of Ty. Then,

T:(a,) = Z a_® Z am+1 Z(f Z Zmtt Zl(gj )
J j=

=1 m=0 m=0

0 if k=1

k/(2a®)+ O(1/a®) i k>2
Here, we used the fact that T} /T% is an odd function and palt a) of Lemma 3. With (8),

(11), and (12), it follows that

a;(a)——-};cos(l—w)-l- o(=) . (13)

2 a’

Combining (9), (10), and (13) yiclds

1 Ir 1 - afJ)(a) -
a1(c) = (c—a)(—-z—cos(—)—-+0(—~) Zz 5 (c—ay )
7=
and, finally, since, in view of (5) and T,Ej)(a)/Tk(a) O(1/a?), for j > 2 we have 0,’)(a)
O(1/a?),

c—a

l
oi(c) = = (—% cos(-g—) + O(al?) + O(alc — a)))

5



Thus, oi(c) < 0 and, therefore, (2) is not thé optimal polynomial for (1), if ¢ — a < 1/a?,
a is sufficiently large, and cos(Ir/n) > 0, 1.e. I < n/2. Note that even ! with 2 <1 < n/2
exist, since n > 5. This concludes the proof of part b) of Theorem 1.

We now turn to the proof of part a) of Theorem 1. Let r > 1 and ¢ > a = a, be fixed.
Moreover, set Ay := Ty(c) and a; := Ti(a). Then, in view of Lemma 1 and Remark 2, one

needs to check the positivity of

o™ = (-1)' (%( )'4 nz Tk cos(f-'l)) 1=1,...,n , (14)

for the four cases n = 1,2,3,4. For n = 1, 2 this is clearly true, since

1 A 1.4
o) =5 -D>0 , o= -1>0
2 ay
e (c - a)(ac —a? +1)
(2) 1 A, A1 c—a){ac—a*+1
_ 1) = 0
( al +1) a(2a? — 1) >

Next, consider n = 3. Tt is easily verified that As/a; > A,/a;, and hence

By using that T3(c)7T>(a) + ca is a monotonously increasing function in cfor ¢ > a > 1, we

deduce
53) - l(ﬁ _ _A_z B Aq +1)= (¢ —a) (ZTQ(C)TQ(G) +2ca+1 _ 1)
2 a3 as a; 2a (4a? — 3)(2a? — 1)
2a(c — a)

>0

2 =)@l 21

Similarly, one obtains

) 1Az A + Ay 1 (c—a) (4(c2+2ca+a2)—3 2ca+1)
oy =c———+— — - = -

2 ag as a; 2 a 2(4a? - 3) 2a% — 1
(c — a)(16a* — 18a® + 9)

~  2a(4a? —3)(2a% - 1)

>0

Finally, we turn to the case n = 4. Analogously to the casen =3,1=1

o= LAy f:*z_ég)>o
! 2 a4 a



For | = 2, we have

O 1 A, As (43 - az)(Azaz——az 1)
o) = =(——

2" a, as ax(2a2 — 1)

The positivity of a§4) follows from
aé“ 1
2(c? —a?)  4(c? —a?)
2(c + a? -1) V2e
T 8at —8a2+1 a(4a'"' -3)
8(‘)—\/_)a +4(2v2 - 5)a® +6 -2
- (8at — 8a? + 1)(4a? — 3)

( —1«\/_(—-—-—)

a

(15)

>0 . (16)

Here we have used that (15) is a monotonously increasing function in ¢ for ¢ > 1 and that
the numerator in (16) has no real zero. Similarly, by a routine, but lenghty, computation,
~one verifies that

a azasza 14 A A A 1
203A4  (4) 234( 4 3+2 1+)

2(c — a) 74 = 2(¢c —a)
= (2¢% — 1)(((: —a)ag + az)a2 + ((c(4a2 — 1) —az)ay — L)a — (12)(&2 -1)
> ay(4a* — 6a® + 3) 4 2a%(az — 1)* > 0

2 a4 as a9 ag 2

This concludes the proof of part a) of Theorem 1.

4. Proof of Theorem 2

Let » > 1 and ¢ > a := a, be fixed. Note that a and ¢ have the representations

a:%(1‘+%) , =-12—(R+—11§) , R>r . (17)
With (3) and (17), one obtains
Ti(¢) RF+1/RE
= = . 18
Ti(a) — rk+1/rF flow) (18)
where we set h((log Rynp/7) ;
___ cosh{{log Ine/w kT
fle) = cosh((log r)np/m) LA

Since f is continuous, bounded, and even, it can be expanded into the Fourier serics

1 = .
fle) = S0+ E ajcos(jp) , -m<p<w
-



By rewriting the expression (5) for o, in terms of (18) and, subsequently, using the discrete

orthogonality relations of cos(lpk), k,1 = 0,...,n, (see e.g. [7], p.472), we get

o1 = (<1 (2O + (-1 f(x) + 3 flge) cos(lion)
k=1

_ %(—1)'(01 + E:f:l(azmn_t + agmnyi)) forl=1,...,n-1
n(—l)’(an + Z:=1 a2(m+l)n) forl=n

It follows that all o; > O and, in view of Lemma 1, that the normalized Chebyshev
polynomials (2) are optimal for (1), if the Fourier coeflients a; of f satisfy

Q; = (_1)_7‘&]' ) .7 = 1)23' . . (19)

It is well known (see e.g. [6], Theorem 35) that (19) holds true if f is a convex function.
Hence, in order to prove that the condition (a) in Theorem 2 guarantees the optimality
of the polynomial (2) for (1), it only remains to show that (a) implies the convexity of
f. Since f is even, we only need to consider ¢ > 0. Moreover, set z := (logr)ne/#x and

v :=log R/logr > 1. Then, using standard calculus, we obtain

cosh(z) ( s

2
e _ — 2 _ _2 2 9 .
cosh(yz) ) f(») =7° — 1 - 27 tanh(z)tanh(yz) + 2 tanh”(z)

nlogr
> 4% — 1 — 2y tanh(z) 4 2 tanh?(z)

> 4% — i - 2
> v 1+202g]My Y) (20)

{(1—7)2 ify>2
T ly22-1 ify<2

Therefore, (20) is nonnegative, and thus f convex, if ¥ > +/2. This last condition is easily
seen to be equivalent to the condition (a) in Theorem 2.
Remark 3. The main idea of the proof, namely to verify the positivity of the o; via the
convexity of f, is due to Clayton [3]. However, in 3], it is claimed that f is convex in all
cases R > r > 1. Unfortunately, this is not true in general.

Now, assume that the condition (b) of Theorem 2 is fulfilled. Again, we will use the

notations Ay = Ti(c) and ax = Ti(a). Note that, by the three-term recurrence formula of

the Chebyshev polynomials,
Ak+1 = chk — Ak—l s k= 1,2, . . (21)

8



Next, set

A 1 An_
Mo =22 A== ,and, for k=1,2,....n—1, Ag=-—2F (22)
an 2 An—k

and let s(p) be the trigonometric polynomial defined by (6). With (5) and (6), one readily
verifies that o, = s(Im/n), and, in view of Letnma 1 and 2, we conclude that the polynomial

(2) is indeed optimal for (1) if the numbers (22) satisfy
A >0, A1 =22, >0, and, for k=1,...,n -1, Xy =2 A+ A1 20 . (23)

The first condition in (23) is trivially true, and the second one follows from 4; > a,. Using

(22), the remaining inequalities in (23) can be rewritten in the form

A, A, 1
— -2—+=20 24
as a; +2 - ( )
and
A; A;  Aj_ . ,
J-*'1—2——]-—}———1——120 , forj=2,...,n-1 . (25)
aj+1 a;  aj-1

A simple calculation shows, that (24) is equivalent to

. az++Valay +1 (_ 2a3——1+\/2(l$—a3+1) (26)
- 2a,

c>c¢ =
- 2a

which is just the condition (b). For the proof of Theorem 2, it only remains to show that

(26) also implies (25). Let j > 2. First, by using (21), we deduce that

Ajit1 LA | Aia

2 _9ld g
aj+1 a; aj—1
c 1 1 1 1 A 1 1
=42 - e ) (= - —) (@)
ajq1 aj 2¢c aj;_; 541 2¢ \a;_, aj41
Aj

2 (. .
> o (4 ajaj1 — deajnaa a4 ayagh - 4-1))
J Rt

Next, set
Q;(c) :=4cfaja;_y — 4cajpa;_1 + ajla, 41 ~ ;1)
and note that Q; attains its minimum at aj1,/(2a;) < ¢*. Hence, in view of (27), (25)

holds true, if Q;(c*) > 01s fulfilled. This is indeed the case, and we will show by induction

that
Q;(c) > Qu(c*)>0 , j=2,3,... . (28)

9



For j = 2, this follows with

Q2(c*) = 4(c*)*aza — 4c*aza + az(a3 — a)

=q! (c12(2<z4 —3a® +2) — (a2 — 1)Va%az + 1) >0

since V2a; > VaZa; + 1 and 2a* — 3a® 4+ 2 > v/2(az — 1) for a > 1. Finally, if (28) holds

true for j, a routine, but lengthy, calculation shows that
Qj41(e*) = Qj(e”) = (az — 1)(~4(c")%a +2c*—j§f2 +a) + (22 -1)0,(")
> (a3 —1)( 4(c*)2a 4 2" — +a) (—1 —~ )Qz(C*)
= (a2 = 1) (2AQu(c™) ~ " )+a3) >0

(note that aji2/a; > a4/az). Therefore, (28) is also satisfied for j + 1, and this completes
the proof of Theorem 2.

5. Some Numerical Examples

In order to illustrate the range of parameters for which the normalized Chebyshev polyno-
mials (2) are not optimal for the approximation problem (1), we present a few numerical
examples. Let r* = r*(n) denote the smallest » > 1 such that for all » > r* there exists a
real number ¢(r,n) > a, such that for all a, < ¢ < ¢(r,n) the polynomial (2) is not best
possible in (1). For later use, let us denote by ¢*(r,n) the maximal ¢(r,n) with this prop-
erty. Recall, that in view of Theorems 1 and 2,1 < r*(n) < oo exists for all integers n > 5.
In Table I, the numerically computed values of r*(n) and the corresponding semi-axes of

&+ are listed for 5 < n < 20.

Table I

Note that r*(n) tends to 1 as n increases.

The case that the normalized Chebyshev polynomials (2) are not optimal for (1) occurs
only for ¢ close to the ellipse. In Figure 1, for the cases n = 5 (solid line), n = 7 (dashed),
n = 10 (dashdot), and n = 15 (dotted), the curves

‘ c*(r,n) —ar

ar

10



are plotted as functions of a,.

Figure 1

For some cases for which (2) are not optimal for (1), we computed the best polynomials

numerically. We were not able to detect any analytic representation of these polynomials.
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Table 1

r Ay by« n r A+

5 2.6492 1.5133 1.1359 13 1.3402 1.0432 0.
6 2.0588 1.2723 0.7865 14 1.3111 1.0369 O.
7 1.8006 1.1780 0.6226 15 1.2867 1.0319 O.
8 1.6490 1.1277 0.5213 16 1.2658 1.0279 0.
9 1.5476 1.0969 0.4508 17 1.2478 1.0246 0.
10 1.4745 1.0764 0.3982 18 1.2321 1.0219

1 1.4191 1.0619 0.3574 19 1.2183 1.0196
12 1.3755 1.0512 0.3242 20 1.2061 1.0176



Figure 1



